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Wind s h e a r ,  t h e  v a r i a t i o n  o f  h o r i z o n t a l  a tmospher ic  winds wi th  a l t i t u d e ,  
h a s  beem i d e n t i f i e d  as a c a u s a t i v e  f a c t o r  i n  s e v e r a l  a i r p l a n e  a c c i d e n t s  and may 
have been a c o n t r i b u t i n g  f a c t o r  i n  o t h e r s .  Consequently,  wind shea r  and its 
e f f e c t  on a i r c r a f t  have become t h e  s u b j e c t s  of  r e sea rch .  Th i s  s tudy  ex tends  
p a s t  w o r k  and c o n c e n t r a t e s  on l o n g i t u d i n a l  motion. The a i r p l a n e  is r e p r e s e n t e d  
by t h e  three-degree-of-freedom e q u a t i o n s  f o r  l o n g i t u d i n a l  motion. Because 
s t a b i l i t y  and c o n t r o l  problems occur on ly  i f  t h e  wind shea r  parameter 
exceeds  1 ,  a l l  wind s h e a r s  used i n  t h i s  s tudy produced a v a l u e  o f  uu g r e a t e r  
t h a n  1. Previous  i n v e s t i g a t i o n s  have shown t h a t  wind shea r  has l i t t l e  e f f e c t  
on t h e  sho r t -pe r iod  mode for t h e  type of  a i r p l a n e s  used i n  t h i s  s tudy.  The u 
s t a b i l i t y  d e r i v a t i v e s  ( d e r i v a t i v e s  w i t h  r e s p e c t  to  p e r t u r b a t i o n  v e l o c i t y )  were 
v a r i e d  to de termine  t h e  e f f e c t  o f  changes i n  t h e i r  magnitudes on t h e  s t a b i l i t y  
of the  long-period mode i n  wind s h e a r .  It  w a s  found t h a t  i n c r e a s e s  i n  t h e  
pitching-moment d e r i v a t i v e  Mu and d e c r e a s e s  i n  t h e  v e r t i c a l - f o r c e  de r  iva- 
t i v e  2, made t h e  a i r p l a n e  more s t a b l e  i n  wind shea r .  During t h e  s tudy  of t h e  
u d e r i v a t i v e s ,  a wind shea r  t o l e r a n c e  f a c t o r  w a s  developed, which is a f u n c t i o n  
of t h e  basic s t a b i l i t y  d e r i v a t i v e s  of  t h e  a i r p l a n e .  I f  t h i s  f a c t o r  is g r e a t e r  
than 1 ,  t h e  a i r p l a n e  is s table  i n  p o s i t i v e  wind s h e a r .  
ou 
INTRODUCTION 
Wind s h e a r ,  t h e  v e r t i c a l  ( a l t i t u d e )  v a r i a t i o n  o f  h o r i z o n t a l  wind, h a s  been 
a c a u s a t i v e  f a c t o r  i n  many a i r p l a n e  a c c i d e n t s  (refs. 1 and 2 ) .  Wind s h e a r s  can 
occur a t  any a l t i t u d e .  During midcourse f l i g h t ,  when t h e  a i r p l a n e  is a t  h igh  
a l t i t u d e ,  an encounter w i th  wind s h e a r  poses  l i t t l e  danger to t h e  a i r p l a n e .  
However, du r ing  take-off and l and ing  o p e r a t i o n s ,  when t h e  a i r p l a n e  is close to  
t h e  ground, an a c c i d e n t  may occur before t h e  a i r p l a n e  can recover  from a wind 
shea r  encounter .  B e c a u s e  l o w - a l t i t u d e  encoun te r s  r e p r e s e n t  a hazardous condi- 
t i o n ,  t h i s  i n v e s t i g a t i o n  w a s  restricted to t h e  s tudy  of  t h e  problems of wimd 
shea r  encoun te r s  on l and ing  approach below an a l t i t u d e  of 130  meters. 
References  3 ,  4 ,  and 5 g i v e  t h e  resul ts  of  g e n e r a l  s t u d i e s  of wind shea r  
f o r  descending and c l imbing  f l i g h t  near  t h e  ground. The wind shea r  param- 
eter uu, in t roduced  i n  r e f e r e n c e s  3 and 4 and also used i n  t h i s  s tudy ,  is a 
measurement of t h e  s e v e r i t y  o f  t h e  wind shea r .  S ince  a wind shea r  parameter 
g r e a t e r  t han  1 produces  u n s t a b l e  c o n d i t i o n s ,  g r a d i e n t s  f o r  t h e  s tudy  were 
s e l e c t e d  to g i v e  uU > 1. 
The p r i n c i p a l  t h r u s t  of  t h i s  s tudy  was to examine t h e  role t h e  speed 
s t a b i l i t y  d e r i v a t i v e s  p l a y  i n  t h e  i n t e r a c t i o n  of  t h e  a i r p l a n e  and wind s h e a r .  
I n  a d d i t i o n ,  t h e  u s e  of  a i r s p e e d  c o n t r o l  systems to c o n t r o l  an a i r p l a n e  d u r i n g  
a wind shea r  encounter  w a s  f u r t h e r  i n v e s t i g a t e d .  
The e q u a t i o n s  of  motion are d e r i v e d  i n  appendix A. A program w r i t t e n  f o r  
t h e  H e w l e t t  Packard HP-67 p r o g r a m a b l e  p o c k e t  calculator, which r e p r e s e n t s  an 
improvement on program 1 of reference 6, is given in appendix B. The use of 
this calculator does not constitute an endorsement of the product by the 
National Aeronautics and Space Administration. 
SYMBOLS 
A aspect rat io 
a1 ,a2, ,a1 5 coefficients of 3 X 3 matrix (eqs. (A8)) representing 
linearized equations of motion for stability; defined 
in equations (A9) 
bl rb2r rb6 coefficients used in equations (A8) and defined in 
equations (A9) 
COrc1 I rC6 coefficients of longitudinal characteristic equation 
with Ow = 0 (eq. (A10)); defined in equations (Al2) 
2D 
drag coefficient, - 
PSUo2 
cii 
C,,O drag coefficient at CI; = 0 
'Cjj 
"e 
- -  , rad-l 
2L 
lift coefficient, - CL 
PSU02 
CL,O lift coefficient at = 0 
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- -  , rad-l-sec 
ac, 
ai  
- -  , rad-l-sec 
2M 
pitching-moment coefficient, - 
pscuo2 
pitching-moment coefficient at cx = 0 
a cm - - -, m-1-sec a U  
a cm 




t h r u s t  c o e f f i c i e n t ,  - 
flu02 
= -  m-1-sec aU 
mean aerodynamic chord, m 
d rag ,  N 
f o r c e  i n  x - d i r e c t i o n ,  N 
f o r c e  i n  z - d i r e c t i o n ,  N 
a c c e l e r a t i o n  due to  g r a v i t y ,  9.80665 m-sec-2 
a l t i t u d e ,  m 
moment of i n e r t i a  abou t  y - s t a b i l i t y  a x i s ,  kg-m2 
u n i t  v e c t o r s  
i n d i c e s  
K4, ,K7 a i r s p e e d  c o n t r o l  system g a i n s  
r a d i u s  o f  g y r a t i o n ,  m kY 
L l i f t ,  N 
M p i t c h i n g  moment, N-m 
1 a M  
= - -  , rad'l -sec-l 
Iy aq MS 
MU 
1 a M  
= - -  m-1- sec-1 
I~ a U '  
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1 a M  
= - -  , rad-' -sec'2 
I~ aa 
1 a M  
= - -  . , rad-l -sec-l 
aa 
1 a M  




pitching velocity, rad-sec-l 
wing area, m 2  
shear tolerance factor 
thrust ,  N 
time to  double amplitude I sec 
time to damp to half-amplitude, sec 
forward velocity, m-sec-l 
s teady-s t a  t e  veloc i t y  , m-sec-l 
perturbation velocity, m-sec-' 
wind speed i n  x-direction i n  i ne r t i a l  coordinates, m-sec-l 
d U W  
wind shear gradient, - I sec-1 
dh 
airspeed, m-sec-' 
airplane velocity vector and magnitude, m-sec-l 
airplane velocity vector i n  body axes, m-sec-l 
a i r  plane acceleration vector i n  body axes, m-sec-2 
5 
command v e l o c i t y ,  m-sec'l 
r e s u l t a n t  v e l o c i t y ,  m-sec-1 
wind v e l o c i t y  v e c t o r ,  m-sec'l 
component of VA -b i n  t h e  z-di e c t i o n  (body axes)  , m-sec'l 
speed of u p d r a f t s  or downdrafts,  m-sec-l 
d WW 
updraf t-downdraf t g r a d i e n t ,  - , sec-1 
dx 
i n e r t i a l  a x i s  system and c o o r d i n a t e s  
1 aFx 
, sec-1 = - -  
m a U  
1 aFx 
= - -  , m-rad'l -sec'2 
m aa 




t -  - , m-rad-I-sec-2 
p e r t u r b a t i o n  a n g l e  of at tack,  rad 
t r i m  a n g l e  o f  a t tack ,  r ad  
total  f l i g h t - p a t h  ang le ,  ro + y, rad 
s t e a d y - s t a t e  f l i g h t - p a t h  ang le ,  r ad  
p e r t u r b a t i o n  f l i g h t - p a t h  ang le ,  rad 
e l e v a t o r  d e f l e c t i o n ,  r ad  
t h r o t t l e  d e f l e c t i o n ,  rad 
damping ra t io  
p i t c h  ang le ,  r ad  
moving a x i s  sys tem for a i r p l a n e  
a i r  d e n s i t y  a t  O°C and 1 atm, 1.2929 kg-m-3 
= Ou + 0" 
wind shea r  parameter f o r  h o r i z o n t a l  wind 
updraft-downdraft  parameter 
engine t i m e  c o n s t a n t  
circular f requency  , rad-sec-l 
undamped circular frequency, rad-sec'l 
S u b s c r i p t s :  
t r  t r i m  
0 s t e a d y - s t a t e  c o n d i t i o n s  
D o t s  over a symbol i n d i c a t e  d e r i v a t i v e s  wi th  r e s p e c t  to  t i m e .  
An arrow over a symbol i n d i c a t e s  a v e c t o r .  The symbol wi thou t  t h e  arrow 
i n d i c a t e s  magnitude . 
AIRPLANES AND CONDITIONS OF STUDY 
Airp lanes  Represented i n  Study 
Two je t  t r a n s p o r t  a i r p l a n e s  were r e p r e s e n t e d  i n  t h i s  s tudy .  One was a 
l a r g e  four-engine,  long-range j e t  t r a n s p o r t  r e f e r r e d  to  as a i r p l a n e  A. The 
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o t h e r  was a small twin-engine,  medium-range j e t  t r a n s p o r t  r e f e r r e d  to  as air-  
p l a n e  B. The aerodynamic and p h y s i c a l  c h a r a c t e r i s t i c s  o f  bo th  a i r p l a n e s  are 
g iven  i n  table I. 
Ai rp lanes  A and B were used throughout  t h e  s tudy .  However, i n  o r d e r  to  
g i v e  more d a t a  on t h e  shea r  t o l e r a n c e  factor,  t w o  a d d i t i o n a l  four-jet t r a n s p o r t s  
were used and are referred to as a i r p l a n e s  C and D. Because of t h e  l imited u s e  
made of a i r p l a n e s  C and D, t h e i r  aerodynamic and p h y s i c a l  c h a r a c t e r i s t i c s  are 
n o t  p re sen ted .  
Wind Cond i t ions  
Wind s h e a r  is an  a tmospher ic  phenomenon and v a r i e s  w i th  one or more atmo- 
s p h e r i c  parameters .  I n  t h i s  paper wind s h e a r  was r e s t r i c t e d  to  a v a r i a t i o n  of 
t h e  h o r i z o n t a l  wind speed wi th  a l t i t u d e ,  as shown i n  f i g u r e  1 .  I f  an airplane 
fo l lows  t h e  f l i g h t  p a t h  shown i n  f i g u r e  1 and p e n e t r a t e s  t h e  wind shea r  l a y e r ,  
t hen  t h e  a i r p l a n e  w i l l  expe r i ence  a p o s i t i v e  wind s h e a r ;  t h a t  is, a head wind 
changes to  a t a i l  wind du r ing  t r a n s i t  o f  t h e  a i r p l a n e  through t h e  wind shea r  
l a y e r .  Work r e p o r t e d  i n  r e f e r e n c e s  3 and 4 shows t h a t  u n s t a b l e  c o n d i t i o n s  occur  
i f  t h e  wind g r a d i e n t  is l a r g e  enough to produce a wind s h e a r  parameter g r e a t e r  
t han  1 .  For t h e  a i r p l a n e s  used i n  t h i s  s tudy  a g r a d i e n t  of 0.25 sec-l g i v e s  
a va lue  o f  Du i n  t h e  range 1.5 to 2.0. Th i s  g r a d i e n t  h a s  been measured i n  
thunderstorms.  (See r e f s .  2 and 7 . )  
For both s t a b i l i t y  c a l c u l a t i o n s  and t i m e  h i s t o r i e s ,  t h e  wind was desc r ibed  
by t h e  e q u a t i o n  
where A Z  = Zn-1 - Zn, wi th  Zn being t h e  p r e s e n t  v a l u e  of z and zn-1 t h e  
p r e v i o u s  va lue  of z. I n  s t a b i l i t y  c a l c u l a t i o n s  uw,o is taken  as  ze ro ,  and 
i n  t i m e  h i s t o r i e s  -6.10 m-sec-I head winds are nega t ive .  
E; > 0,  and Zn Zn-1, t h i s  equa t ion  produces winds t h a t  p rov ide  a p o s i t i v e  
wind shear  s i t u a t i o n  wi th  respect to  t h e  a i r p l a n e .  
For uw,o < 0, 
I n  t h i s  s t u d y  wind s h e a r  occur red  i n  t h e  a l t i t u d e  i n t e r v a l  106 2 H 2 56. 
Equat ions  o f  Motion 
The e q u a t i o n s  of motion developed for s t a b i l i t y  calculations are de r ived  
i n  appendix A and have Ou # 0 and Ow = 0. (A program f o r  c a l c u l a t i n g  t h e  
c h a r a c t e r i s t i c  e q u a t i o n  is given  i n  appendix B.) For t h e  cases s t u d i e d  i n  t h i s  




and are t h e  e q u a t i o n s  used for t h e  s t a b i l i t y  c a l c u l a t i o n s .  These e q u a t i o n s  form 
t h e  basis of program 1 of r e f e r e n c e  6. Th i s  program and o t h e r s  i n  r e f e r e n c e  6 
were used to  calculate a l l  s t a b i l i t y  in format ion .  
T ime  h i s t o r i e s  of spa t ia l  motions of t h e  a i r c r a f t  were gene ra t ed  us ing  t h e  
three-degree-of-freedom n o n l i n e a r  e q u a t i o n s  of l o n g i t u d i n a l  motion (appendix A, 
eqs. (Al3 ) ) .  The effects o f  wind s h e a r ,  u p d r a f t s ,  and downdraf ts  were incor -  
po ra t ed  i n  t h e s e  e q u a t i o n s ,  as sugges ted  by E t k i n  ( re f .  8 ) .  
Gera ( r e f .  9 )  h a s  proposed a new se t  of e q u a t i o n s  for t h e  a n a l y s i s  of wind 
s h e a r .  These e q u a t i o n s  are res t r ic ted to  t h e  c o n d i t i o n  I?o = 0. S ince  t h e  
p r e s e n t  i n v e s t i g a t i o n  cons ide red  on ly  descending f l i g h t ,  t h e  new e q u a t i o n s  pro- 
posed i n  r e f e r e n c e  9 were n o t  applicable. 
and 
t h e  same. 
I t  should  be noted t h a t  f o r  uw = 0 
ro f 0,  t h e  e q u a t i o n s  of t h i s  report and those  g iven  i n  r e f e r e n c e  9 a r e  
AIRPLANE RESPONSE TO WIND SHEAR 
R e s u l t s  p re sen ted  i n  r e f e r e n c e  4 e s t a b l i s h e d  t h e  e f f e c t  of wind shea r  on 
t h e  l o n g i t u d i n a l  s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  a i r p l a n e :  Wind shea r  had 
l i t t l e  or no e f f e c t  on t h e  sho r t -pe r iod  mode, and t h e  long-period mode changed 
from a l i g h t l y  damped o s c i l l a t i o n  to t w o  aperiodic modes, one of which became 
u n s t a b l e  when OU > 1 .  A g r a d i e n t  of  u& = 0.25 sec-l w a s  used f o r  t h e  
p r e s e n t  s tudy .  The cor responding  va lues  of Uu were 2.0 for a i r p l a n e  A and 
1 . 7  for a i r p l a n e  B. Table  11 c o n t a i n s  t h e  e igenva lues  and s t a b i l i t y  parameters  
o f  a i r p l a n e s  A and B f o r  u; = 0 (no s h e a r )  and u; = 0.25 sec- l .  The data 
p resen ted  i n  t a b l e  I1 conf i rm t h e  r e s u l t s  pub l i shed  i n  r e f e r e n c e  4. These 
r e s u l t s  show t h a t  f o r  t h e  same g r a d i e n t ,  a i r p l a n e  B t a k e s  46 p e r c e n t  more t i m e  
to  double  amplitude than  does a i r p l a n e  A. Material p r e s e n t e d  i n  f i g u r e s  5 
and 6 of r e f e r e n c e  4 indicates  t h a t  t h e  approach speed of an  a i r p l a n e  a f f e c t s  
i ts  r e a c t i o n  to  wind s h e a r .  Thus, t h e  longer  t i m e  r e q u i r e d  for a i r p l a n e  B to 
double  ampl i tude  is n o t  unexpected,  as its s t i l l - a i r  approach speed is 
10.24 m-sec-l less than  t h a t  of a i r p l a n e  A. 
The wind s h e a r  data p r e s e n t e d  i n  table I1 for a i r p l a n e s  A and B are t h e  
b a s e l i n e  cases for de te rmin ing  t h e  e f f e c t s  o f  va ry ing  t h e  u d e r i v a t i v e s .  
These cases are l a b e l e d  "Basic a i r p l a n e "  i n  t a b l e s  I11 and IV.  
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E f f e c t  of Changes i n  Magnitude of  Speed D e r i v a t i v e s  
on Ai rp lane  Response 
- 
The speed d e r i v a t i v e s  Du,  Zu,  Mu, and Tu have been neg lec t ed  i n  t h e  
past because t h e s e  d e r i v a t i v e s  are small and c o n t r i b u t e  l i t t l e  to  t h e  response  
o f  t h e  a i r p l a n e .  
speed d e r i v a t i v e s  were v a r i e d  to de termine  t h e i r  e f f e c t  on a i r p l a n e  r e sponse  i n  
t h e  p re sence  of  wind shea r .  Four v a l u e s  were used f o r  each d e r i v a t i v e :  zero, 
t h e  nominal va lue ,  2 times t h e  nominal va lue ,  and 4 times t h e  nominal value.  
The speed d e r i v a t i v e s  appear i n  t h e  f i r s t  column of  e q u a t i o n  (1) , and because  
t h e  terms i n  t h i s  column as w e l l  as i n  t h e  f i r s t  row have l i t t l e  e f f e c t  on t h e  
sho r t -pe r iod  mode, v a r i a t i o n s  i n  t h e  speed d e r i v a t i v e s  should  a f f e c t  o n l y  t h e  
long-period mode. C a l c u l a t i o n s  showed t h a t  t h e r e  was p r a c t i c a l l y  no e f f e c t  on 
t h e  sho r t -pe r iod  mode. Consequently,  no shor t -pe r iod  mode data are repor t ed .  
Because wind s h e a r  can  i n t r o d u c e  l a r g e  speed changes,  t h e  
- 
I n c r e a s i n g  Du and Tu above t h e  nominal v a l u e  caused a s l i g h t  i n c r e a s e  
i n  t h e  t i m e  - required for a i r p l a n e  A to double  amplitude. 
S e t t i n g  Du and Tu equal to z e r o  caused o n l y  a s l i g h t  dec rease  i n  t h e  t i m e  
to double  amplitude.  V a r i a t i o n s  - i n  Mu and Z u  produced more s i g n i f i c a n t  
resul ts  than  d i d  v a r i a t i o n s  i n  Du and Tu. When t h e  v a l u e  of Mu w a s  g r e a t e r  
t han  t h e  nominal v a l u e ,  t h e  t i m e  to  double  ampl i tude  inc reased ;  and a t  4 t i m e s  
t h e  nominal va lue  of  Mu, t h e  a p e r i o d i c  mode tu rned  i n t o  an u n s t a b l e  o s c i l l a t i o n  
wi th  a t i m e  to  double  ampl i tude  so l a r g e  t h a t  c o n t r o l  o f  t h e  a i r p l a n e  should  n o t  
be a f f e c t e d .  When Z, w a s  i n c r e a s e d  above t h e  nominal va lue ,  t h e  a p e r i o d i c  
m o d e  became less s table ,  an o p p o s i t e  r e s u l t  compared wi th  v a r i a t i o n s  of t h e  
o t h e r  speed d e r i v a t i v e s .  However, as Z u  became smaller than  t h e  nominal 
va lue ,  t h e  a i r p l a n e  became less u n s t a b l e  u n t i l  a t  Z u  = 0 a s tab le  o s c i l l a t i o n  
wi th  an 80-sec p e r i o d  r ep laced  t h e  a p e r i o d i c  mode. The p r o c e s s  o f  va ry ing  t h e  
speed d e r i v a t i v e s  was repea ted  f o r  a i r p l a n e  B and t h e  r e s u l t s  are p r e s e n t e d  i n  
table IV.  A comparison of  t h e  resul ts  g iven  i n  tables I11 and I V  shows t h a t  
t h e  t r e n d s  noted f o r  a i r p l a n e  A when t h e  speed d e r i v a t i v e s  are v a r i e d  are t h e  
same f o r  a i r p l a n e  B, wi th  t h e  excep t ion  of  t h e  resul ts  f o r  Mu. A s  Mu is 
i n c r e a s e d ,  t h e  a p e r i o d i c  mode becomes a long-period s tab le  o s c i l l a t i o n ;  and a t  
4 times t h e  nominal va lue  of  
(See table 111.) 
Mu,  t h e  o s c i l l a t i o n  becomes u n s t a b l e .  
The d i f f e r e n c e  i n  response  to  t h e  v a r i a t i o n s  of  Mu was traced to t h e  
s i g n s  of c o e f f i c i e n t s  i n  t h e  c h a r a c t e r i s t i c  equa t ion .  The normalized form o f  
t h e  l o n g i t u d i n a l  c h a r a c t e r i s t i c  equa t ion  is 
D4 + C3D3 + C2D2 + C i D  + C o  = 0 
I n  t h e  case of a i r p l a n e  A when wind shea r  is p r e s e n t ,  bo th  Co and C1 are 
nega t ive ,  and i n c r e a s i n g  Mu causes Co to  become p o s i t i v e  b u t  causes C1 
to  become more n e g a t i v e  and i n t r o d u c e s  t h e  u n s t a b l e  o s c i l l a t i o n .  I n  t h e  case 
of a i r p l a n e  B as  Mu is i n c r e a s e d ,  C1 remains p o s i t i v e  and a s t a b l e  oscil- 
l a t i o n  occurs when Mu is twice t h e  nominal va lue .  When t h i s  v a l u e  is doubled, 
an u n s t a b l e  o s c i l l a t i o n  wi th  a t i m e  to double ampl i tude  of abou t  42 sec is 
p r e s e n t .  Th i s  d i f f e r e n c e  - i n  response to t h e  v a r i a t i o n s  i n  Mu w a s  t r a c e d  to 
t h e  magnitude of Du,  which is l a r g e r  f o r  a i r p l a n e  B than  f o r  a i r p l a n e  A. 
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Tab le  V shows t h e  e f f e c t  on t h e  response  of a i r p l a n e  A o f  i n c r e a s i n g  Mu when 
D, = 0.0844. 
o s c i l l a t i o n  a t  4 t i m e s  t h e  nominal v a l u e  of  Mu. Fu r the r  i n c r e a s e s  i n  Mu 
would cause  t h e  o s c i l l a t i o n  to  become uns t ab le .  
- 
I n  t h i s  case t h e  u n s t a b l e  a p e r i o d i c  response  becomes a damped 
Because  Mu and Z u  have so g r e a t  an i n f l u e n c e  on t h e  a i r p l a n e  response 
Mu 
i n  wind s h e a r ,  a f u r t h e r  s tudy  of t h e s e  t w o  s t a b i l i t y  d e r i v a t i v e s  was made. 
(See appendix C.) 
and Z, as a f u n c t i o n  of t h e  wind shea r  parameter Ou. 
F i g u r e s  2 and 3 show t h e  s t a b l e  and u n s t a b l e  r e g i o n s  o f  
The magnitude o f  t h e  speed s t a b i l i t y  d e r i v a t i v e s ,  e s p e c i a l l y  M, and Z u ,  
h a s  been shown to  a f f e c t  t h e  response  of  t h e  a i r p l a n e  i n  wind shea r .  However, 
it is n o t  known whether t h e  p re sence  of wind shea r  i n f luenced  t h e  r e s u l t s  
o b t a i n e d  or not .  To o b t a i n  in fo rma t ion  on t h e  i n f l u e n c e  of  wind s h e a r ,  t h e  
speed s t a b i l i t y  d e r i v a t i v e s  were v a r i e d  i n  t h e  same manner as  b e f o r e  b u t  w i th  
cIu = Ow = 0. The r e s u l t s  on t h e  sho r t -pe r iod  mode were t h e  same as before :  
t h e r e  w a s  p r a c t i c a l l y  no effect on t h i s  mode. The r e s u l t s  f o r  t h e  long-period 
mode o f  a i r p l a n e  A are p r e s e n t e d  i n  table V I .  A comparison of  tables I11 
and V I  c l e a r l y  i n d i c a t e s  t h a t  t h e  responses  ob ta ined  wi th  wind shea r  p r e s e n t  
are due to  t h e  i n t e r a c t i o n  of t h e  wind shea r  and the  changes i n  t he  speed 
d e r i v a t i v e s .  S imi l a r  r e s u l t s  were ob ta ined  €or a i r p l a n e  B. 
Shear  Tolerance  Fac tor  
The r e s u l t s  p re sen ted  so f a r  show t h a t  t h e  magnitudes of Mu and Z, can 
have an impor tan t  e f f e c t  on t h e  response  of  t h e  a i r p l a n e  i n  wind shea r .  A 
r e l a t i o n s h i p  between t h e s e  d e r i v a t i v e s  and and Za, c a l l e d  t h e  wind shea r  
t o l e r a n c e  factor S p ,  has  been developed.  (See appendix C.) The shea r  toler-  
ance  factor is dependent  o n l y  on s t a b i l i t y  d e r i v a t i v e s  and is 
If  0 < STF < 1 ,  t h e  a i r p l a n e  is u n s t a b l e  i n  wind shea r  and t h e  degree  of i n s t a -  
b i l i t y  becomes less as STF + l .  I f  STF > l ,  t h e  a i r p l a n e  is s table  i n  wind 
s h e a r .  
The emphasis h a s  been p l aced  on vary ing  t h e  u d e r i v a t i v e s ,  w i th  t h e  m o s t  
stress p laced  on Mu and 2,. As can be seen  from t h e  d e f i n i t i o n  o f  S p ,  bo th  
ryI, and Za can be v a r i e d  to ach ieve  t h e  same r e s u l t  as ob ta ined  from va ry ing  
Mu and 2,; however, va ry ing  ryI, and Za causes  changes to  occur  i n  t h e  s h o r t -  
period mode, which is p r a c t i c a l l y  una f fec t ed  by changes i n  Z, and Mu. 
The shea r  t o l e r a n c e  factor and t h e  t i m e  to  double  ampl i tude  are p r e s e n t e d  
i n  t h e  fo l lowing  t a b l e  f o r  fou r  a i r p l a n e s  and a wind g r a d i e n t  of 0.25 sec" : 
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Airp lanes  C and D were inc luded  to  ex tend  t h e  c a l c u l a t i o n s  w i t h  t h e  shea r  toler- 
ance  f a c t o r .  
medium range; p is long  range. 
Both are four-engine commercial j e t  a i r l i n e r s .  A i rp l ane  C is 




S p a t i a l  Motions 
D 
Typical c o n t r o l s - f i x e d  s p a t i a l  motions f o r  a, r, h, and V f o r  an 
encounter  wi th  a s t r o n g  wind shea r  (au = 2.0) are p r e s e n t e d  i n  f i g u r e  4 .  These 
motions were gene ra t ed  by i n t e g r a t i n g  t h e  l o n g i t u d i n a l  e q u a t i o n s  of  motion (A13) 
on a l a r g e  d i g i t a l  computer. 
t h e  motion a r e  an i n c r e a s i n g  a n g l e  of attack and a d e c r e a s i n g  v e l o c i t y .  
r is r e l a t e d  to 8 and a through r = 8 - a, t h e  p i t c h  a n g l e  8 is also 
dec reas ing .  These component motions combine to cause a rapid loss of  a l t i t u d e ,  
and f o r  t h e  case shown, t h e  a i r p l a n e  would impact t h e  ground be fo re  recovery  
to an e q u i l i b r i u m  f l i g h t  c o n d i t i o n  could  t a k e  p l a c e .  
As can be seen ,  t h e  p r i n c i p a l  c h a r a c t e r i s t i c s  of  
S ince  
.957 1 28.78 
~~ 
C o n t r o l  i n  Wind Shear 
The resul ts  p r e s e n t e d  i n  r e f e r e n c e  4 show t h a t  t w o  c o n t r o l  systems, a t t i -  
tude and airspeed, are required f o r  adequate  c o n t r o l  d u r i n g  wind shea r  encoun- 
ters.  Th i s  was confirmed by r e s u l t s  p r e s e n t e d  i n  r e f e r e n c e  9. I n  a wind shea r  
encounter  ( f i g .  4 ) ,  t h e  a n g l e  of a t tack a i n c r e a s e s  as t h e  a i r s p e e d  V 
decreases. Th i s  type of  v a r i a t i o n  o f  a and V and an i n s p e c t i o n  of t h e  eigen- 
v e c t o r s  sugges t  t h a t  a i r s p e e d  should  be c o n t r o l l e d .  Airspeed may be c o n t r o l l e d  
by a d j u s t i n g  t h e  engine  t h r o t t l e s ,  drag-only speed brakes,  wing f l a p s ,  and 
f i n a l l y  s p o i l e r s .  The fo rego ing  systems may be used a l o n e  or i n  combinations.  
Reference  10 discusses and i l l u s t r a t e s  c o n t r o l  systems us ing  t h r o t t l e  p o s i t i o n ,  
f l a p s ,  and drag-only speed brakes. To e v a l u a t e  t h e  speed c o n t r o l  as a means 
of  smoothing t h e  response  of  t h e  a i r p l a n e  to wind s h e a r ,  a c o n t r o l  system very  
similar to t h e  ana log  t h r o t t l e  c o n t r o l  system d i s c u s s e d  i n  r e f e r e n c e  4 was used. 
F i g u r e  5 is a block diagram of t h e  a i r s p e e d  c o n t r o l  system used i n  t h i s  s tudy.  
The resul ts  are p r e s e n t e d  i n  f i g u r e  6 f o r  s e v e r a l  d i f f e r e n t  v a l u e s  of t h e  engine  
t i m e  c o n s t a n t s  T ~ ,  a c o n s t a n t  t h a t  c h a r a c t e r i z e s  t h e  t i m e  d e l a y  between c a l l i n g  
f o r  a g iven  t h r u s t  l e v e l  and adher ing  to t h e  d e s i r e d  l e v e l  of  t h r u s t .  Three 
v a l u e s  of t h e  engine  t i m e  c o n s t a n t  were used: 0.125, which would correspond 
to t h r u s t  modulators (ref.  4); 2.50, which is a good approximation f o r  t h e  
eng ines  used on a i r p l a n e s  A and B; and 3.75, a l a r g e r  eng ine  t i m e  c o n s t a n t  t han  
would normally be encountered .  For t h e  smallest v a l u e  of  t h e  eng ine  t i m e  con- 
s t a n t ,  t h e  response  is t h e  same as one would expect f o r  an undis turbed  a i r p l a n e .  
A s  t h e  engine t i m e  c o n s t a n t  i n c r e a s e s ,  t h e  response  becomes more o s c i l l a t o r y  and 
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less accep tab le ,  as shown i n  f i g u r e  6. Although t h e  response  d e t e r i o r a t e s ,  it 
does n o t  become aperiodic up to t h e  maximum va lue  used f o r  t h e  engine t i m e  
cons t an t .  
CONCLUDING REMARKS 
A n  a n a l y t i c a l  s tudy  has  been made of  t h e  l o n g i t u d i n a l  response  of  j e t  
t r a n s p o r t  a i r p l a n e s  to v e r t i c a l  v a r i a t i o n  o f  t h e  h o r i z o n t a l  winds. The wind 
v a r i a t i o n  occurred  between a l t i t u d e s  of 106 and 56 meters and changed a head 
wind i n t o  a t a i l  wind ( p o s i t i v e  wind s h e a r ) .  The f l i g h t  c o n d i t i o n  w a s  l anding  
approach. 
When an airplane encoun te r s  wind s h e a r ,  t h e  ensuing response  is a r e s u l t  
of t h e  i n t e r a c t i o n  between t h e  a i r p l a n e  and its environment.  T h i s  i n t e r a c t i o n  
was i n v e s t i g a t e d  by vary ing  t h e  so -ca l l ed  u ,  or speed,  s t a b i l i t y  d e r i v a t i v e s .  
These d e r i v a t i v e s  were s e l e c t e d  f o r  v a r i a t i o n  because they a f f e c t  t h e  long- 
period mode, t h e  m o d e  t h a t  becomes u n s t a b l e  i n  wind s h e a r ,  and have l i t t l e  
e f f e c t  on t h e  sho r t -pe r iod  mode. I t  w a s  found t h a t  i n c r e a s i n g  t h e  p i t ch ing -  
moment d e r i v a t i v e  Mu or dec reas ing  t h e  v e r t i c a l - f o r c e  d e r i v a t i v e  Z u  could  
change an u n s t a b l e  f l i g h t  s i t u a t i o n  to  a s t a b l e  one. I n  order f o r  changes i n  
Mu to be e f f e c t i v e  i n  r e s t o r i n g  s t a b i l i t y ,  it w a s  found t h a t  t h e  c o e f f i c i e n t  
o f  t h e  f i r s t -power  t e r m  of t h e  c h a r a c t e r i s t i c  equa t ion  m u s t  be  p o s i t i v e .  Th i s  
c o e f f i c i e n t  can be main ta ined  g r e a t e r  than  z e r o  by i n c r e a s e s  i n  t h e  d rag  
d e r i v a t i v e  Du. A l t e r n a t i v e l y ,  a dec rease  i n  Z u  as Mu i n c r e a s e s  w i l l  
ach ieve  t h e  same r e s u l t .  
Another r e s u l t  o f  t h e  i n v e s t i g a t i o n  of t h e  e f f e c t s  of vary ing  t h e  u 
s t a b i l i t y  d e r i v a t i v e s  w a s  t h e  development o f  t h e  shea r  t o l e r a n c e  f a c t o r ,  which 
is a func t ion  of  Mu,  Z u ,  and k, t h e  d e r i v a t i v e  of  v e r t i c a l  f o r c e  wi th  
respect to angle  of  a t t a c k  a. I f  t h e  shear t o l e r a n c e  factor is less than  or 
equal to 1 ,  t h e  a i r p l a n e  w i l l  be  u n s t a b l e  i n  p o s i t i v e  wind shea r ;  i f  t h e  shea r  
t o l e r a n c e  f a c t o r  is g r e a t e r  t h a n  1 ,  t h e  a i r p l a n e  w i l l  be s t a b l e  i n  p o s i t i v e  wind 
shear .  The wind shea r  t o l e r a n c e  f a c t o r  can be used to monitor changes i n  Mu 
and 2, and thus  a s s u r e  t h e  a t t a inmen t  of s t a b l e  c o n d i t i o n s .  
C o n t r o l  o f  a i r p l a n e s  i n  wind is an impor tan t  f a c t o r  i n  wind shea r  r e sea rch .  
Previous  s t u d i e s  have r e p o r t e d  t h a t  a f l i g h t - p a t h  c o n t r o l  system or a p i t c h -  
a t t i t u d e  c o n t r o l  system, as w e l l  as an a i r s p e e d  c o n t r o l  system w a s  necessary  
f o r  adequate  c o n t r o l  i n  wind shea r .  R e s u l t s  p re sen ted  i n  t h i s  paper show t h a t  
adequate  c o n t r o l  can be  achieved  through t h e  use of  an  a i r s p e e d  c o n t r o l  system, 
provided t h e  engine t i m e  c o n s t a n t  is small enough. N o  o t h e r  c o n t r o l  system is 
requi red .  
Langley Research Center  
Nat ional  Aeronaut ics  and Space Adminis t ra t ion  
Hampton, VA 23665 
November 14, 1980 
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APPENDIX A 
EQUATIONS OF MOTION 
The axes  systems for t h e  e q u a t i o n s  d e r i v e d  i n  t h i s  report are shown i n  
s k e t c h e s  (a) and (b ) .  
Ske tch  (a)  
The i n e r t i a l  axes  x ,y ,z  are shown i n  s k e t c h  ( a ) ;  a h o r i z o n t a l  wind uw 
is f lawing  i n  t h e  p o s i t i v e  x -d i r ec t ion  and a v e r t i c a l  wind ww is f lowing  i n  
t h e  p o s i t i v e  z -d i r ec t ion .  I n s t e a d  of be ing  r e f e r e n c e d  to a n  i n e r t i a l  r e f e r e n c e  
frame, t h e  a i r p l a n e  is re fe renced  to t h e  air-mass axes .  The moving axes  used 
f o r  t h e  a i r p l a n e  are t h e  6,rl,S system shown i n  s k e t c h  ( b ) .  These are wind 
as w e l l  as s t a b i l i t y  axes  f o r  l o n g i t u d i n a l  motions,  s i n c e  t h e  6-ax is  is 
a l i g n e d  wi th  t h e  s i n g l e  component a i r p l a n e  v e l o c i t y .  A s  shown i n  s k e t c h  ( b ) ,  
and 9, it is assumed t h a t  shea r  e f f e c t s  i n  t h e  moment e q u a t i o n  are n e g l i g i b l e  
and t h a t  r = 8 - OL.  
is measured from t h e  local h o r i z o n t a l  to  U. As was done i n  r e f e r e n c e s  4 





Local horizon ta l  
4 Local 
ve r t i ca l  
Sketch (b) 
The i n e r t i a l  acceleration expres sed  i n  t h e  moving-axis system E,n ,<  is 
-+ + ? + + + ). where VA = i U  + j ( 0 )  + k ( O ) ,  
The wind v e l o c i t i e s  uw and ww were taken as  
Vw = iuw + j ( 0 )  + kw, and A = i ( 0 )  + jr  + k ( 0 ) .  
and 
There is no loss of g e n e r a l i t y  i f  uw,o and ww,o are s e t  e q u a l  to  z e r o  and 
t h e  wind v e l o c i t i e s  taken as 
15 
and 
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, ... .. , .. . . .. . . . . ~ ... 
Thus the wind vector can be written as 
and the acceleration due to variation in the wind speed is 
+ 1 -  I .  vw = uwz -k wwx 
where 
1 dUW uw = - 
dz 
and 
1 d WW ww = - 
dx 
and 
z = u sin r + ww 
= u cos r + uw 
-+ -+ + 
If the definitions of VA? Wnl and Vw are substituted into the expres- 
sion for the acceleration (eq. (A1 ) )  the nonlinear equations can be written as 
1 6  
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6 + u$ww cos r - u;u s i n  r cos r - w;u cos r s i n  r 
I 1  FX - wwuw s i n  I' + g s i n  I' = - 
m 
u;wW s i n  r - U$U s i n 2  r + w;u cos2  r + W;U; COS r 
.. M 
e = -  
IY 
The fo l lowing  assumptions were 
u = u o + u  
y = e - a  
J 
sed i n  t he  l i n e a r i z a t i o n  of e q u a t i o n s  (A2): 
Here, 8 and a r e p r e s e n t  e i t h e r  t h e  t o t a l  ang le  o f  a t tack  and p i t c h  ang le  or 
p e r t u r b a t i o n s  from a t r i m  c o n d i t i o n .  The l a t t e r  use o c c u r s  on ly  i n  l i n e a r  
equa t ions  such a s  ( A 8 ) .  
The wind shea r  parameter  w a s  also in t roduced .  Th i s  parameter is a dimen- 
s i o n l e s s  a c c e l e r a t i o n  whose magnitude is p r o p o r t i o n a l  to t h e  wind g r a d i e n t .  The 
parameter Ou  = - , and Ow = - . A v a l u e  g r e a t e r  t h a n  1 for O U  or Ow 
would r e p r e s e n t  a s e v e r e  wind s h e a r ,  as u n s t a b l e  roots appear  i n  t h e  long-period 
mode. The l i n e a r i z a t i o n  process g iven  i n  r e f e r e n c e  8 was followed for t h e  
l i n e a r i z a t i o n  or e q u a t i o n s  (A2). 
UOU& UOW& 
57 g 
The r e s u l t i n g  l i n e a r  e q u a t i o n s  of motion are1 
lThe variables x and z t h a t  appear i n  t h e  d e f i n i t i o n  of  uw and ww 
t r ans fo rm i n t o  5 and C; and s i n c e  xo = zo=o,  bo th  60 and Co are e q u a l  
to zero .  
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-(ou s i n 2  ro - ow cos2  ro)I u + [-uo s i n  ro - UT s i n 2  ro y 1 (A31 [- :o d t  
d2 M 
-(y + a )  = - 
d t 2  IY 
The s t e a d y - s t a t e  par ts  of e q u a t i o n s  (A3)  are 
FX, 0 
-g'T s i n  To cos T o  + g s i n  r0 = 
FZ, 0 
-gaT s i n 2  ro - ow - g COS ro = - 
m (A4 1 I 
J 
These las t  e q u a t i o n s  are used t o  compute t h e  t r i m  v a l u e s  of a and t h e  t h r u s t .  
Equa t ions  (A3) and (A4) are complete e x c e p t  f o r  t h e  d e f i n i t i o n  o f  aero- 
dynamic f o r c e s  and moments. I n  deve lop ing  t h e s e  f o r c e s  and moments it s h o u l d  
be remembered t h a t  t h e y  are f u n c t i o n s  of t h e  speed  o f  t h e  a i r p l a n e  w i t h  r e s p e c t  
to  t h e  a i r  mass, so t h a t  U = Uo + u. Here U o  is t h e  s t i l l - a i r  approach 
speed, and u is t h e  small  speed d e v i a t i o n  from UO. The l i f t  f o r c e  w i l l  be 
worked o u t  i n  d e t a i l .  Be fo re  s u b s t i t u t i o n  o f  U o  + u f o r  U ,  t h e  f o r c e  FZ 
h a s  t h e  form 
1 8  
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The terms i n  pa ren theses  r e p r e s e n t  t h e  l i f t  c o e f f i c i e n t  of  t h e  a i r p l a n e  and, 
e x c e p t  f o r  CL,o ( t h e  l i f t  c o e f f i c i e n t  a t  a = 01, r e p r e s e n t  t h e  e f f e c t  of 
angu la r  motions on t h e  l i f t .  The e f f e c t  of speed changes,  s i n c e  it is con- 
t a i n e d  i n  t h e  dynamic p r e s s u r e .  When UO + u is s u b s t i t u t e d  f o r  U and 
atr + a is s u b s t i t u t e d  for a ,  t h e  expres s ion  for l i f t  becomes 
where u2 is cons ide red  a second-order term and, t h e r e f o r e ,  can be neglec ted .  
PSU02 
The term (CL,~ + C L C L a t r ) y  is t h e  l i f t  r e q u i r e d  to  t r i m  t h e  a i r p l a n e ,  
PSU02 
or FZ,O i n  e q u a t i o n s  (A4), and ( C b a  + C&& + CL q + C L & ~ ~ , ) -  is t h e  
l i f t  due to  angular  motions from t h e  t r i m  s ta te .  The e f f e c t  of a change i n  
forward speed is g iven  by CLPSUOU. Thus, t h e  t o t a l  l i f t  f o r c e  F Z  for equa- 
t i o n s  ( A 3 )  is 
9 2 
The l o n g i t u d i n a l  aerodynamic forces and t h e  p i t c h i n g  moment can be treated 
i n  a similar manner. Thus, 
where 
and Tu is t h e  change i n  eng ine  t h r u s t  due to  a change of forward speed. The 
aerodynamic p i t c h i n g  moment is g iven  by 
1 9  
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where 
and C,,,o i s . t h e  pitching-moment c o e f f i c i e n t  for CL = 0. Equa t ions  (A5),  (A6),  
and (A81 are s u b s t i t u t e d  i n t o  e q u a t i o n s  (A31 to o b t a i n  t h e  l i n e a r i z e d  e q u a t i o n s  
of motion t h a t  are used f o r  s t a b i l i t y  s t u d i e s .  N o t e  t h a t  i n  t h i s  s u b s t i t u t i o n  
u = d<  -, ", t h e  e q u a t i o n s  t h e n  take t h e  form a = - -. w = dz;, and 
d t  d t  U o  d t  
where 
C$SUo cTupsuO 
s i n  2 r 0  -  t 
m m 
g 2 q P w  
a 2  = -
UO 





P S U 0 2  
a6 = ("Lq -k cL&)K 
P S U o 2  
a7 = cLcl e 
a8 = a2 
1 
a 1 2  = - 
UO 
+ c  - 
a13 = - tC"g 4 2 I Y U 0  
PSCU()2 
a 1 4  = - 
cma 2 I y U o  
P S U n 2  
2 1  
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If ou = ow = 0,  t h e s e  e q u a t i o n s  reduce to  t h e  u s u a l  form of t h e  l i n e a r  l ong i -  
t u d i n a l  e q u a t i o n s  of motion. 
The c h a r a c t e r i s t i c  e q u a t i o n  of t h e  system d e s c r i b e d  by e q u a t i o n s  (A8) is 
o b t a i n e d  by expanding t h e  de t e rminan t  of t h e  3 x 3 m a t r i x  t h a t  occurs on t h e  
l e f t  s i d e  o f  t h i s  equa t ion .  The g e n e r a l  form of t h e  c h a r a c t e r i s t i c  e q u a t i o n  
is 
The c o n s t a n t  term CO is e q u a l  to 0 ,  so t h a t  e q u a t i o n  (A10) is a s ix th -degree  
e q u a t i o n  wi th  a z e r o  root. Equat ion (A10) was w r i t t e n  
C6D5 + C5D4 + C4D3 + C3D2 + C1 = 0 (A1 1 )  
for programming purposes.  The e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  of t h e  charac- 




If cTu and/or Ow = 0,  t h e  C1 c o e f f i c i e n t  becomes 0 ,  and t h e  charac- 
ter is t ic  equa t ion  reduces  to a q u a r t i c .  I n  t h i s  case t h e  C2 c o e f f i c i e n t  
cor responds  to t h e  Co c o e f f i c i e n t  ob ta ined  from e q u a t i o n s  ( 1 ) .  
An HP-67 program t h a t  c a l c u l a t e s  t h e  c o e f f i c i e n t s  of t h e  3 x 3 ma t r ix  
(eqs. ( A 8 ) )  and t h e  c o e f f i c i e n t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  (eqs. (A10) 
and ( A l l ) )  is g iven  i n  appendix B. 
The equa t ions  of motion p r e s e n t e d  i n  t h i s  appendix model t h e  c o n d i t i o n  i n  
which an a i r p l a n e  is s u b j e c t e d  to a combinat ion of v e r t i c a l  wind s h e a r ,  u p d r a f t s ,  
and downdraf ts  and c o n t a i n  wind i n t e r a c t i o n  terms and n o t  
present i n  t h e  p r e v i o u s  fo rmula t ion  of t h i s  problem. I f  e i t h e r  (Su or ow is 
se t  to  ze ro ,  t h e s e  e q u a t i o n s  reduce to  e q u a t i o n s  g iven  i n  r e f e r e n c e  4 when t h e  
same parameter is set e q u a l  to  zero .  I f  t h e  wind i n t e r a c t i o n  terms are neg lec t ed  
and (Ju and ow are n o t  e q u a l  to ze ro ,  t h e  r e s u l t i n g  e q u a t i o n s  w i l l  p r e d i c t  a 
l a r g e r  i n s t a b i l i t y  (a s h o r t e r  t i m e  to  double ampl i tude)  t han  e q u a t i o n s  ( A 8 ) .  
g 2(J uawc g2qpw5 
U02 U02 
Equat ions  (A81 are approximate r a t h e r  t han  e x a c t  equa t ions .  The inexac t -  
n e s s  occur s  because o f  t h e  assumption t h a t  r = 8 - CL. The a n g l e  r ,  d e f i n e d  
i n  s k e t c h  ( b ) ,  is n o t  t h e  t r a d i t i o n a l  r because it is n o t  i n e r t i a l .  The 
t r a d i t i o n a l  r ,  which w i l l  be c a l l e d  
r e c t i o n  = - ce, where is g iven  by rI,  can be o b t a i n e d  by apply ing  t h e  cor- 
-uw s i n  r - wW COS r 




Since  Ee  can be cons idered  a s m a l l  ang le ,  it can be set  e q u a l  to t h e  
argument of t h e  i n v e r s e  tangent .  Th i s  c o r r e c t i o n  and its f i r s t  and second 
d e r i v a t i v e s  would be a p p l i e d  to  equa t ions  ( A 3 ) .  However, e q u a t i o n s  (A3)  were 
used wi th  ww equa l  to zero ;  t hus ,  t h e  c o r r e c t i o n  would be 
uw s i n  I' 
u - uw cos r 
which approaches z e r o  as approaches zero.  The c o r r e c t i o n s  f o r  t h e  f i r s t  
and second d e r i v a t i v e s  are p r o p o r t i o n a l  to  - and are smaller c o r r e c t i o n s  
than E,. B e c a u s e  t h e  c o r r e c t i o n s  and r are small, no c o r r e c t i o n s  were 
a p p l i e d  when e q u a t i o n s  (A8) were used to c a l c u l a t e  t h e  s t a b i l i t y  parameters. 
I f  u p d r a f t s  and downdraf ts  had been inc luded  i n  t h e  a n a l y s i s ,  c o r r e c t i o n s  to  
I? would have been necessary.  Equat ions  (A8) were no t  used to compute t i m e  
h i s t o r i e s .  
r 
U2 
The six-degree-of-freedom equa t ions  of  motion f o r  p r i n c i p a l  body axes  are 
+ + + +  
H + o x H = M  
+ + -+ 
where H = Imp + Imq + Izzr ;  F and M are t o t a l  f o r c e  and moment v e c t o r s ;  
p, q, r are t h e  angular  v e l o c i t i e s ;  and I i i  are t h e  products of  i n e r t i a .  
These equa t ions  may be separated i n t o  l a t e r a l  and l o n g i t u d i n a l  equa t ions  of 
motion; t he  l a t te r  are 
FZ 
& q u = g c o s e  + -  
m 
e = M / I ~  
where u,  w ,  q, and 8 are t o t a l  va lues ,  n o t  p e r t u r b a t i o n s  and FX, FZ, 
and M are t h e  t o t a l  aerodynamic f o r c e s  and moments a c t i n g  on t h e  a i r p l a n e .  
Equat ions  (A13) were used to compute t h e  t i m e  h i s t o r i e s  p re sen ted  i n  t h i s  
report. Wind shea r  was accounted f o r  by making t h e  wind component of  t h e  
a i r s p e e d  vec to r  a l t i t u d e  dependent.  
24 
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PROGRAM FOR CALCULATING THE CHARACTERISTIC EQUATION 
OF LONGITUDINAL MOTION 
This program calculates the coefficients of the 3 x 3 matrix in equa- 
tions (A8) using the expressions given in equations (A9). After the calcu- 
lation of these coefficients has been completed, equations (A12) are used to 
calculate the coefficients of the characteristic equation (A1 0) under certain 
circumstances. The characteristic equation may be fifth order, so that a 
routine to extract the real root of a quintic is included in the program. 
Programs 4 and 5 of reference 6 can be used to complete the calculation of the 
roots of the characteristic equation and to determine the stability parameters. 
The two-card program that follows is an improved version of program 1 of 
reference 6. This program may be checked by using the checks case for pro- 




Step Key E n t r y  
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0 9 0  
RCL4 
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1 3  
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o u t p u t  storage 
b 5  
b4 
b6 
a 3  
a 7  





a l  3 
=15 
a1 1 
a 4  
a1 0 




C a r d  2 















































0 6 0  
0 7 0  
0 80 
c3 
0 9 0  
















S T O ( i )  
RCLC 
RCLE 
















































110  0 
8 
S T 0 5  
S T 0 6  
GSBb 





















S T 0 8  
X+Y 
- 




1 6 0  
1 7 0  
1 8 0  
Key E n t r y  Comments  
X 
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S to rage  Map for Card 2 
I n i t i a l  s t o r a g e  o u t p u t  o u t p u t  R e g i s t e r  
L B L A ~  LBLB 
The i n i t i a l  c 5  d3  
s t o r a g e  for c 4  d2 
c a r d  2 LBLA c3 d l  
is t h e  c 2  d0 











s 2  
s 3  
s 4  
s5 



























a A t  end of  l abe l  A, t h e  numeral 4 or 5 is d i s p l a y e d  i n  x ;  5 i n d i c a t e s  
a q u i n t i c  and 4 a q u a r t i c .  
program and proceed.  
I f  5 is  d i s p l a y e d ,  push B; i f  4 ,  i n s e r t  quar t ic  
Note: I n  a d d i t i o n  to  t h e  stored o u t p u t ,  t h e  s tack  c o n t a i n s  t h e  
fo l lowing  informat ion:  
S t ack  r e g i s t e r  
T number of i t e r a t i o n s  to  o b t a i n  root 
z t i m e  to  ha lve  or double  amplitude 
y root o f  q u i n t i c  equa t ion  
x 5 i n d i c a t e s  t h a t  a real  root of a f i f t h - o r d e r  e q u a t i o n  
has  been found 
APPENDIX c 
EXPRESSIONS FOR Co = 0 
The nonnormalized c h a r a c t e r i s t i c  equa t ion  of  l o n g i t u d i n a l  motion is 
When wind shea r  is in t roduced  i n  t h e  a i r p l a n e  s t a b i l i t y  and c o n t r o l  problem, 
t h e  c o e f f i c i e n t s  a f f e c t e d  most are C1 and Co.  The c o e f f i c i e n t  CO is t h e  
dominant one. For n e g a t i v e  wind s h e a r ,  t h e  a i r p l a n e  remains s t a b l e ;  however, 
f o r  p o s i t i v e  wind s h e a r ,  t h e  a i r p l a n e  becomes u n s t a b l e  when t h e  wind shea r  
parameter cru exceeds  1 .  (See r e f .  4 . )  The e x p r e s s i o n  f o r  Co (when U w  = 0) 
is 
I f  CO is se t  e q u a l  to  ze ro ,  equa t ion  (C2) may be so lved  f o r  2, and Mu. The 
e x p r e s s i o n  for 2, t h a t  s a t i s f i e s  CO = 0 is 
a4a7all  - a10(a3a l l  - a l a 1 4 )  P U  - + - s i n 2  r o  z u  = __ - ~ -  ~ 
a4al 1 "0 
and a similar e x p r e s s i o n  can be o b t a i n e d  f o r  Mu. Equation ( C 3 )  w a s  used to 
make  f i g u r e  2. 
, t h e  fo l lowing  expres- If  equa t ion  (C2) is so lved  f o r  t h e  r a t i o  - = -
a14 c& 
a1 1 c% 
s i o n  r e s u l t s  : 
a4 
a5 a1 - - 
a1 1 a1 0 
al 4 a4 
- =  




Equat ion (C4) may be w r i t t e n  i n  t h e  form 
a1 1 
al 4 
= 1  
I f  t h e  e q u a l i t y  of equa t ion  (C5) is f u l f i l l e d ,  Co = 0. If t h e  le f t -hand  side 
of e q u a t i o n  (C5) is less than  ze ro ,  u n s t a b l e  c o n d i t i o n s  e x i s t ;  i f  g r e a t e r  t h a n  
z e r o ,  t h e  a i r p l a n e  is stable. The m a t r i x  e lements  a1 and a 3  may be a 
n e g l i g i b l e  c o n t r i b u t i o n  to t h e  term i n  p a r e n t h e s e s  of  e q u a t i o n  (C5). If a1 
and a 3  are dropped, t h e  r a t io  - i n  t h e  p a r e n t h e t i c a l  term cance l s ,  and 
e q u a t i o n  (C5) may be w r i t t e n  as  
a4 
a1 0 
a l l  a7  
- - s a l  
a14 a5 
If a1 and a3 are r e t a i n e d ,  t h e  va lue  i n  p a r e n t h e s e s  for a i r p l a n e  A is 
0.00466; i f  dropped, t h e  va lue  is 0.00463. T h i s  small d i f f e r e n c e  j u s t i f i e s  
dropping a1 and a3. Except for a5 ,  a l l  t h e  a-terms i n  equa t ion  (C6) are 
f u n c t i o n s  s o l e l y  of t h e  s t a b i l i t y  d e r i v a t i v e s .  Wind s h e a r  is t h u s  in t roduced  
g 
through t h e  i n c l u s i o n  o f  t h e  term - - U T  s i n 2  ro - Ow i n  2,. For reason- 
UO 
able v a l u e s  of I'o ( t h a t  is, -0.17453 I ro 5 0.17453) and O w  = 0,  t h e  
expres s ion  - -(oT s i n 2  r o  - Ow) w i l l  m a k e  a n e g l i g i b l e  c o n t r i b u t i o n  to a 5  
because of s i n 2  i n  t h e  express ion .  For a i r p l a n e  A wi th  Ow = 0,  
ro = -0.05236 rad, and Ou  = 2.0, t h i s  term has  a v a l u e  of -0.0007; and s ince  
2, is 0.2553665, the wind shea r  term may be s a f e l y  dropped when Ow = 0. I f  
ow is nonzero,  t h e  wind s h e a r  term for Ow is O&Uo and, u n l e s s  Ow is 
very  small, may n o t  be n e g l e c t a b l e  wi th  respect to Zu. The term - - is 
c a l l e d  t h e  wind s h e a r  t o l e r a n c e  factor STF and may be w r i t t e n  as  
9 
UO 
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TABLE I.- PHYSICAL AND AERODYNAMIC CHARACTERISTICS 
FOR AIRPLANES USED I N  THIS STUDY 
c o n s t a n t  a i r  d e n s i t y  of 1.2929 kg-m-3 was] 
used for a l l  c a l c u l a t i o n s  
C h a r a c t e r  is t ic  
ky. m . . . . . . .  .. m . . . . . . . .  . 
S. m2 . . . . . . .  
A . . . . . . . . .  
m. kg . . . . . . .  
g .  m-secL . . . . .  .. . . . . . . . . .  
0" . . . . . . . . .  
uO. m-sec-1 . . . .  
r. r a d  . . . . . . .  
Cia. rad- l  . . . . .  
CLa. rad- l  . . . . .  
CL6 . . . . . . . .  
CL&. rad- l - sec  . . .  
c,., . . . . . . . .  
C&. rad- I -sec  . . .  
Cmi, . . . . . . . .  
Cm. rad-' . . . . .  
cm. 0 . . . . . . . .  
cT,. m-1-sec . . . .  
CL~,. rad-l . . . .  
C&,. rad-l . . . .  
e 






















































TABLE 11.- RESPONSE OF AIRPLANES A AND B TO WIND SHEAR 
-0.6990 f 0.8061i 0.991 
-0.00648 ? 0.1291i 106.97 
-0,6933 f 0.79393. .995 
-0.1373, 0.1258 ------- 
[ T o  = 0.0524 rad] 
---- 7.79 1.07 0.66 N o  wind shear  
---- 48.66 .129 .050 N o  wind shea r  ---- 7.92 1.054 .66 u i  = 0.25 sec'l 
u& = 0.25 sec'l 5.51 ----- ---e- ----- 
Short-per iod -0.6082 f 0.98823. 1.14 ---- 
Long-period -0.0298 f 0.1202i 23.33 ---- 
Short-per iod -0.6074 f 0.9721i 1.14 






Shor t -per  id 
Long-period 
6.36 1.16 0.52 
52.36 .12 .24 
6.46 1.15 .53 ---- . ---- ----- 
.. . - . - - __ 
Airplane  A, UO = 77.12 m-sec-' 
N o  wind shear  
N o  wind shear  
u& = 0.25 sec'l 
u& = 0.25 sec'l 




R o o t  t1/2, sec t D ,  sec P, sec wn,  rad-sec'l cD R e m a r k s  
TABLE 111.- EFFECT OF VARYING THE U-STABILITY DERIVATIVES ON THE 
-- - 
Du = 0 -0.1253, 0.1354 ------ 
D, = 0.0212 -0.1373, 0.1258 ------ 
gu = 0.0424 -0.1502, 0.11 71 ------ - ------ 
LONG-PERIOD MODE OF AIRPLANE A 
- -1 - - . . 
5.12 ------ --e--- ------ 
5-51 ------ ------ 
5.92 ------ ------ 
6.79 ------ I ------ ------ 
i ------ B a s i c  airplane 
I 
I ------ 
D, = 0.0848 -0.1784, 0.1021 
i I 
Tu = 0 
Tu = -0.00281 
TU = -0.00562 
, Tu = -0.01124 
. -  
-0.1356, 0.1271 ------ 5.45 ------ ------ ------ 
' B a s i c  airplane ------ ------ ------ 
------ -----e 1 ------ -0.1373, 0.1258 ------ 5-51 ----_- j 5.67 ------ -0.1423, 0.1223 -e---- -0.1389, 0.1246 ------ 5.56 --_--- 
Mu = 0 -0.1666, 0.1425 ------ 4.86 
Mu = 0.000997 -0.1373, 0.1258 ------ 5.51 
Mu = 0.00199 -0.1040, 0.1050 ------ , 6.60 
Mu = 0.00399 0.0125 f 0.0356i , ------ j 55.35 
! 
i 
_ _ _ _ _ _  ------ , ------ 
B a s i c  airplane --_--- --e--- , ------ ------ ------ ------ 
176.67 ' 0.0377 -0.31 I 
r 
' z , = o  
' 2, = 1.021 
i ! 2, = 0.255 
i 2, = 0.502 
i 
. I  
0.0785 I 0.0815 
' ------ B a s i c  airplane 5-51 -__--- ------ ------ I ------ ------ 
80=34 1 -0.00639 ? 0.0782i 108.42 ----- -0.1373, 0.1258 ------ -0.2103, 0.1970 ------ 3-52 -_--_- 




Parameter var  ied 
TAB- 1V.- EFFECT OF VARYING THE u-STABILITY DERIVATIVES ON 
_- 
Root 1 t1/2,  sec 1 t D ,  sec 1 P, sec / W n ,  rad-sec-l 1 5~ I Remarks 
LONG-PERIOD MODE OF AIRPLANE B 
- 
Du - = 0 -0.1090, 0.1023 
_Du = 0.0427 -0.1352, 0.0863 
Du = 0.0955 -0.1662, 0.0740 
DU = 0.1709 -0.2365, 0.0573 __ 
[UO = 66.88 m-sec'l i u; = 0.25 sec'l; ro = -0.0524 rad] 
-._ - 
------ I 
------ ------ B a s i c  airplane ' 
----- 6.79 ------ ------ 
----- 9-36  ------ ------ 
----- 12.16 ------ 
----- 8-06  ------ 
I 
Mu = 0 
Mu = 0.0039 
Mu = 0.0078 
.___ ~_.  - - .- ... + 
------ ------ 
------ ------ B a s i c  airplane ' 
7 95.74 0.034 0.308 
-0.2012, 0.1236 ----- 
-0.1352, 0.0863 
-0.0104 5 0.0321i 66.63 ----- 
1 z u = o  
2, = 0.2942 
2, = 0.5884 
2, = 1.1769 
- _ _  
B a s i c  airplane 
TABLE V.- LONGITUDINAL RESPONSE, AIRPLANE A 
ID, = 0.08441 
Parameter varied 1 Root 
Effect  of varying the magnitude of 





j ----- ------ 
0.0232 10.815 
TABLE VI.- EFFECT OF VARYING THE U-STABILIm DERIVATIVES ON 
LONG-PERIOD MODE OF AIRPLANE A 
[UO = 77.12 m-sec'l; u i  = 0.0 sec'l; To = -0.0524 rad]  
Parameter v a r i e d  Root 1 t1/2,  sec I t D I  sec PI sec mn, rad-sec-l GD Remarks  
E f f e c t  of varying t h e  magnitude of fi, 
yu = 0 -0.0039 f 0.1288i ------ -177.17 48.76 0.1289 -0.0303 
D, = 0.0211 -0.0065 f 0.1291i 106.97 ------- 48.66 .1293 
48.88 .1296 .1301 1 b, = 0.0422 -0.0169 f 0.1296i 41.09 ------- - ------- 
: Tu = -0.01124 -0.0106 f 0.1290i 65.24 
D, = 0.0844 -0.0376 f 0.12483. 18.41 i 50.33 






E f f e c t  of varying t h e  magnitude of Mu 
0.039 
.082 
48.66 1 .1293 : 0";
I I I I - I 
Basic airplane 
_I____ . . 
Mu = 0 
Mu = 0.000977 
Mu = 0.00195 
1-0.00543 f 0.1507i 
/-0.00648 f 0.1291i 
'-0.00749 f 0.1033i 
Mu = 0.00391 -0.0443, 0.0255 
- - - ~ _ . . - -  
airplane 
127.57 ------- 41.71 0.1508 0.036 
106.97 ------- 48.66 .1293 
92.55 ------- 60.81 . lo36 .072 ------ ----- 27.18 ----- ------ 
z, Z = 0 .2540 -0.00648 938, -0.0631 f .1291i 
Z, = 0.5079 0.00211 f 0.19693. 
2, = 1.016 0.0185 f 0.2893i 
- -* . --__ - __.__ -
------ 106.97 ------- O g 8  iirTj-------, l i i T l B a s i c  airplane
------ 328.68 31.91 
------ 37.45 22.10 -. 064 
:- ___________ __ -
F1 ight path 
-------------- 
Wind shear layer in the atmosphere 
---- 
Wind shear profile 
\ 
4-- 
Distance along ground track 



















(a) Ai rp lane  A. 
F i g u r e  2.- Curves for CO = 0 for a i r p l a n e s  A and B as a f u n c t i o n  
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(b) Airp lane  B. 
F i s u r e  2.- Concluded. 
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(a )  Ai rp lane  A. 
Figure  3 . -  Curves f o r  CO = 0 for a i r p l a n e s  A and B as a f u n c t i o n  of 





















(b) Airplane B. 
I I 1 
1 2 3 
Figure  3.- Concluded. 
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a - 1- 0 
0 . 2  . 4  . 6  . 8  1.0 1 . 2  1 . 4  
Distance along ground track, xE. km 
(a) Airplane A. 
Figure 4.-  Response of airplane to wind shear with winds 
of -6.10 m-sec'l . Gradient u& = 0.25 sec'l . 
L 
d 
I I I I 
0 . 2  . 4  . 6  . 8  1.0 1 . 2  
Distance along ground track, xE' km 
(b) Airplane B.  
Figure 4.-  Concluded. 
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- T = 3.75 
- - _ _ _ _  
O L I  I I 
0 4 . 8 1. '2 1.~6 2.'0 2. '4 2.I8 3.'2 31 6 4.'0 
Distance along ground t rack,  xE' km 
Figure 6 . -  Airplane responses when equipped with speed contro l  
system. Engine t i m e  constant  varied: a i rp lane  A. 
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15. Supplementary Notes 
16. Abstract 
Wind shear, the v e r t i c a l  va r i a t ion  of the horizontal  wind, has been a causative 
factor  i n  several  a i rplane accidents and may have been a contributing fac tor  i n  
others.  The study reported herein concentrates on the longi tudinal  mode of the 
airplane w i t h  s p e c i f i c  reference t o  the r o l e  of the speed (u) s t a b i l i t y  der ivat ives  
i n  the interact ion of the airplane and its environment. The r e l a t i v e  importance 
of the u-s tabi l i ty  der ivat ives  was determined. As a r e s u l t  of this study, the wind 
shear tolerance factor  was found. This factor  can be used t o  determine, i n  a 
q u a l i t a t i v e  manner, the s t a b i l i t y  (tolerance) of an airplane t o  wind shear. A 
fur ther  study of the con t ro l  problem showed that the criteria folr good con t ro l  
could be reduced from t w o  t o  one automatic control  systems. Only a speed control  
system is necessary for  good con t ro l  i n  wind shear. 
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